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Abstract 

A linear connection D in a Lie algebroid is said to be metrizable 
if there exists a Riemannian metric h in the Lie algebroid such that 
Dh = 0. Conditions for the linear connection D to be metrizable are 
investigated. 
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1 Introduction 

Le algebroids as particular anchored vector bundles |20] have now an impor- 
tant place in differential geometry and algebraic geometry. Initially defined 
as infinitesimal part of Lie grupoids, their algebra [12] and geometry is in- 
dependently and largely developed O El [101 EI] • Besides they have proved 
to be useful in Mechanics [2H [161 121 HI [T], in the theory of nonholonomic 
systems [m [9l [3], in control theory [6], in field theory [15], in quantum and 
classical gravity [221 [23]. The cohomology of Lie algebroids started in [T7] . 
There the adapted exterior differential d was for the first time introduced. 
See also [13]. Holonomy and characteristic classes have been studied in [TT] . 
For more references see the monograph [13] 

Let A be a Lie algebroid and D an A— connection (defined in the Section 
3 ) in a vector bundle (F, q, M). We say that D is metrizable if there exists 
a Riemannian metric h in [F, q, M) such that Dh = 0. The tangent bundle 
TM is a trivial Lie algebroid and a TM— connection in (F, q, M) is nothing 
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but an usual linear connection in this vector bundle. In pQ we provided 
conditions for metrizability of a TM— connection in any vector bundle as 
well as in vector bundles endowed with Finsler functions. In this paper we 
extend some results from [1] to v4— connection in {F,q, M). The notations 
from [19] are used. 



2 Lie algebroids 

Let ^ = {E, q, M) be a vector bundle of rank m. Here E and M are smooth 
i.e. C°° manifolds with dimM = n, dimi? = n + m and p : E — > M is 
a smooth submersion. The fibres E^ = p~^{x), x G M are linear spaces of 
dimension m which are isomorphic with the type fibre M™". 

Let J^{M) be the ring of smooth real functions on M. We denote by T{E) 
and X{M) the J-'(M)— module of sections of ^ and of the tangent bundle 
(TM, r, M), respectively. If {U, (x*)), i, j, k . . . = 1,2, . . . ,n is a local chart 
f d \ 

on M, then ( 7— provide a local basis for X(U). Let Sa : U — > p ^(U), 

a,b, c, ... = 1,2, ... ,m he a local basis for F {p^^{U)). Any section s over U 
has the form s = y°'Sa{x), x eU and we will take (x*, y"") as local coordinates 
on p~^{U). A change of these coordinates (x*,i/") — y {x^,y"') has the form 

X* = X* (x"*^, . . . , x") , rank 
y" = M^{x)y^, rank {M^{x)) = m. 

Let ^* = {E*,p*,M) he the dual of vector bundle ^ and 9"- : U — > 
p*-\U), X — y e%x) e E*a local basis for T {p*~\U)) such that ^(s;,) = S^. 

Next, we may consider the tensor bundle of type (r, s), Tg{E) over M and 
its sections. Yoi g eV {E* ® E*) we have g = gab{x)9'' . As {E* ® E*) = 
L2 (E, M), we may regard as a smooth mapping x — > g{x) : E^x E^ — > M 
with g{x) a bilinear mapping given by g{x){sa,Sh) = gab{x), x G M. 

If the mapping g{x) is symmetric i.e. gab = gba and positive definite i.e. 
gab{x)i°'i^ > for every (^") 7^ 0, one says that g defines a Riemannian 
metric in the vector bundle ^. 

Let us assume that 

(i) T{E) is endowed with a Lie algebra structure [, ] over M, 
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(ii) There exists a bundle map p : E — > TM, called anchor map. It 
induces a Lie algebra homomorphism (denoted also by p) from r[E) 
to X{M), 

(iii) For any sections Si,S2 € r(£') and for any / e J^{M) the following 
identity holds 

[si,fS2] = f[si,S2] +p{si)fS2. 

Definition 2.1. The triplet A — (^, [, ],p) with the properties (i), (ii) and 
(iii) is called a Lie algebroid. 

Examples: 

1. The tangent bundle {TM, t, M)with the usual Lie bracket and p equal 
to the identity map form a Lie algebroid. 

2. Any integrable subbundle of TM with the Lie bracket defined by re- 
striction and p the inclusion map is a Lie algebroid. 

3. Let {F, q, M) be any vector bundle. On F we have the vertical distri- 
bution u — > VuF =Kerq^^u, u & F, where denotes the differential of 
Q- 

This distribution is integrable. If we regard it as a subbundle of TF, 
accordingly to Example 2 a Lie algebroid is obtained. 

Locally, we set 

d 

p{sa) = Pl{x)-Q^i. Sb] = Llf,{x)sc. (2.2) 

The structure function p^ and L^^ of the Lie algebroid A have to satisfy 
the following identities 

i ^Pj _ i ^Pg _ ^ TC TC : TC _ 

Pa-Q^i Pb-Q^ - Pc^ab^ ^ab + Ha " U, 



cycl(abc) 
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3 Connections in Lie algebroids 

Let A = [, ], p) be a Lie algebroid with ^ = {E,p, M) and let (F, q, M) be 
any vector bundle. 

Definition 3.1. An yl— connection in the bundle {F,q,M) is a mapping 
D : T{E) X T{F) — > T{F), {s, a) — > Dsa with the properties: 

1) D,^+,^a = D,^a + D,^a, 

2) Df,a = fD,a, 

3) Ds{ai + 0-2) = DsCFi + Dsa2, 

4) D,(/a)=p(s)/a + /D,a, 

for s, si, S2 e r(£;), a, (Ji, e r(F), / e j^(m). 

Notice that a TM— connetion in the vector bundle {F, q, M) is nothing 
but a linear connection in this vector bundle. 

Definition 3.2. An ^4— connection in the bundle ^ = {E,p,M) is called a 
linear connection in the Lie algebroid A. 

The notion of tangent lift of a curve on M is generalized as follows. 

Definition 3.3. Let A — (CJ, ]iP) be a Lie algebroid with ^ = {E,p,M). 
A curve a : [0, 1] — > E is called admissible or an A— path if p{a{t)) — 

—p{a{t)), t e [0, 1]. The curve ^{t) — p{a{t)) will be called the base path of 

(JjL 

a. The A— path a is called vertical if p{a{t)) — 0. In this case 7 reduces to 
a point and the curve a is contained in the fibre in that point. 

Locally, if a{t) — (a;'(t), then 7(t) = {x'^{t)) and a is an A— path if 

and only if 

Pl{x{t))y'^{t)^^, te[0,l], (3.1) 

and it is a vertical A— path if and only if 

pi{x{t))y%t)^0, te[0,l]. (3.2) 

Let (da), a, /3, 'J, ... — k :=rank of {F, g, M), a local basis in r(F). Then 
a local section a has the form a — z"aa and (2;") are the coordinates in the 
fibres of {F,q,M). 
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For s = y°'Sa and a = z^a^-, by the Definition 3.1 we have D^o = 
( + ^'^^sa)^A and if we put 

= Vi^Of,, (3.3) 

we get 

Dsa = y\Daz')ap, = p^ — + Vi^. (3.4) 

For a hnear connection V in the Lie algebroid A = (i^, [, ], p) we get 

V,a = y\Vaz')s,, = p\— + T\^z\ (3.5) 

Let D be an A— connection in the vector bundle (F, g, M) and a : [0, 1] — > 
E an y4— path. 

A smooth mapping a : [0, 1] — )■ F is called an a— section if q{cr{t)) = 
p{a{t)),te [0,1]. 

Locally, if a(t) = {x'{t),y''{t)) then a{t) = {x'{t), z'^{t)). 

Let r(F)" be the linear space of a— section in the vector bundle {F, q, M). 
We define an operator : r(F)" — > r(F)", a{t) — > iD''a){t) by 

(DV)(t) = + rL(x(t))^"(t)2/'^(t)) a^, (3.6) 

whenever a{t) = z°'{t)aa- 

The operator has the following properties: 

(i) D'^idai + csaa) = CiD"ai + Ca/^^aa, Ci, Ca G M, ai, G r(F)", 

(ii) D"(/s) = + /^"^> for a G r(F)° and / : [0, 1] — ^ M a smooth 
function, 

(iii) If a is a local section that extends a G r(F)° and p{a{t)) ^ (p(a(t)) = 
0) then (D°a)(t) = (resp. (/^V)(t) = + ^). 

The first two properties are immediate by fl3.6p . To prove (iii) one uses 
dMD, (3.2) and dll 

By contradiction one proves that is the unique operator with the 
properties (i), (ii) and (iii). Indeed, if D° : r(F)" — y r(F)" is another 
operator satisfying (i), (ii) and (iii), it easily follows that it is has the form 
that appears in the second hand of (13. 6p . 
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Definition 3.4. An a— section a in the vector bundle (F, g, M) is said to be 
parallel if D^a = 0. 



Locally, the a— section ait) = z°'(t)aa with a{t) = y"'{t)sa is parallel if 
and only if the functions z'^{t) are solutions of the following linear system of 
ordinary differential equations 

^ + ri(x(t))."(%'^(t) = 0. (3.7) 

This system has an unique solution t — a{t) with the initial condition 
ct(0) = ctq. This fact allow us to define the parallel displacement along a, 
denoted by : F^(o) F^W^tW = PHt) = P^(ao) = a{t). The 

maps are linear isomorphisms. 

In particular, we may take a a loop based at a; G M i.e. 7(0) = 7(1) = x 
and we get the linear isomorphism Pq, : 1— )■ F^. Its inverse is Pq,-i where 
is the reverse loop of a and if we consider the composite aioa2 that is a2 
followed by ai of two loops based on x it comes out that Paioa2 = ° Pai- 
On this way one obtains a subgroup of the linear isomorphisms of Fx called 
the holonomy group of -D, denoted by $(x)). 

We fix t and consider {P^Y^ : F^(t) — > -^7(0)- Locally, if {P'^taY^{(y{r)) = 
z^{t)(Tp, then z^{t) = z^{t), i^(0) = (P<^)"^(a(t)) and (z^) are solutions of 

dz'^ 

fIXTD . By Taylor's formula zf^it) = z'^(0)+t (0) . . ., hence z'^it) - ^^(0) = 

dt 

dz>^ 

{{Pi)-\a{t)y - 2^(0) + ^^(0) .... We divide this by t, take t ^ and 
obtain 

{D cr)(0) = hmt^o . (3.8) 

Suppose now that P is a linear connection in the Lie algebroid A = (^, [, ], p), 
^ = {E,p,M). An a— path is called geodesic if V^a = i. Locally, if a{t) = 

{x'{t),y^{t)), then = + -^j (§(U))tL(u)tJ (U)]/h and a is a geodesic 

if and only if the functions x^{t),y°'{t) are solution of the following system of 
ordinary differential equations: 

dx^ 

dr ^'-'^ 
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It is clear that one has the existence and uniqueness of geodesic with a 
given base point x G M and a given i/q G E^^^.li for a pair (xo,?/o) we have 
p^(xo)yo = O5 the corresponding geodesic is contained in the fibre E^^^ i.e. it 
is a vertical A-path. 

4 Riemannian metrics in Lie algebroids 

Let A = [,], p) be a Lie algebroid with = {E,p, M) and a vector bundle 
(F, M) endowed with an A— connection D whose local coefficients are 

A Riemannian metric in (F, M) is a mapping g that assigns to any 
X G M a scalar product gx in E^ such that for any local section o"i, a2 G r(F), 
the function x — )■ 5'x(o"i,a2) is smooth. Locally, we set gx^cTaTfyp) = Qapix) 

and so 5f^((Ti, 0-2) = 5fQ/3(x)2;"z2 if ^1 = "^q; ^2 = z^aii. 

The operator of covariant derivative D can be extended to the tensor 
algebra of {F,q,M) taking D„f = p{a)f, assuming that it commutes with 
the contractions and behaves like a derivation with respect to tensor product. 
It comes out that if a; is a section in the dual {F*, q*, M) then 

{D,u)ia) = p{s)u{a)-uiDsa), seT{E), aeT{F) 

and if a is a section in L'^{F, M), then 

{Dsa){ai,a2) = p(s)a((Ti, o-2)-a(L'sC^i, o-2)-a(ai, D.aa), s G T{E), 0-10-2 G T{F). 

(4.1) 

Definition 4.1. We say that the Riemannian metric g is compatible with 
the A— connection D if Dgg = for every s G ^{E). 

By (14. ip the condition of compatibility between g and D is equivalent to 

p{s)g{ai,a2) = g{Dscri,a2) + g{(yi,Dscr2), seT{E), ai, 0-2 G r(F). 

(4.2) 

Locally, 04.21) is written as follows 

Pai^)^ = naix)g,,{x) + Tl{x)g^,{x). (4.3) 

The operator can be extended to a— section in the tensor bundles 
constructed with (F, q, M) and one deduces that 
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a^it)) = - g,,Tl^y'^ - gr,.riy)a^{t)a,{t) (4.4) 

If {F, q, M) coincides with {E,p, M) we have 

Theorem 4.2. There exists an unique linear connection V in the Lie alge- 
broid A such that 

(t) Vsg = 0, 

(ii) VsiS2 - Vs^si = [si, S2], s, Si, S2 G r(^). 
It is given by the formula 

2^ (VsiS2, S3) =p{si)g{s2, S3) + p{s2)g{si, S3) - p{s3)g{si, sa) 
+ 9i[s3, si], S2) + 5'([s3, S2], si) + g{[su S2], S3) 

and its local coefficients are given by 

r« _ ^ n^d ( i dgcd i dgu i dgbc , re ^ ^ n n \ (A(\\ 

^ be -1^9 \Pb^ + Pe^ - Pd-Q-- + ^de9eb + ^dfo^ec - H^9ed J ■ (4.6) 

Proof. In the condition (i) written for Si, S2, S3 G T{E) we cyclically permute 
Si,S2,S3 and so we obtain two new identities. We add these and from the 
result we subtract the first. Using (ii) some terms cancel each other and 
we get (14. 5p . Writing (14. 5 p in a local basis of sections we find (14. 6p . The 
uniqueness follows by contradiction. □ 

If we put 

^v(Sl,S2) = V,iS2 - VsaSi - [si,S2], Si, S2 €!(£') (4.7) 

we get a section in the bundle L{E, E; E) that may be called the torsion of 
V. 

The curvature of V is defined by 

^V(S1,S2)S3 = VsiV^jSg - VsjV^jSg - V[si,s2]S3, Si , S2, S3 G r(£^) . (4.8) 

The connection V given by the Theorem 14.21 is called the Levi-Civita 
connection of A. 
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We stress that the Theorem 14.21 says that given g there exists and is 
unique V such that V^^ = and Ty = 0. Now we give a different proof of 
this theorem. 

Given g we may associate to it the energy function S : E — y M, S{s) = 
g{s,s), s e E. Locally, 6{x,y) = gab{,x)y''y\ s = y^Sa- 



The energy function £^ is a regular Lagrangian on E i.e. det 



1 d^S 

2 dy'^dy^ 



det(^„fe(a;)) ^ 0. 

In [2], we associated to any regular Lagrangian L on a Lie algebroid a 
semispray on E i.e. a vector field 

S = p\y''4:--2Gl{x,y)-^ 



with 

1 d'^L 

where gab = -t; — ttt and (g"-'') is the inverse of the matrix (gab)- 

2 ay"- ay'' 

Taking L = S in (14. 9p . a direct calculation in which L'^^y^y'^ = is used, 
shows that the semispray associated to £ has the form 

s = Pav'^ - ^cA^)yV^.^ (4-10) 

with rj!^ given by (14. 6p . These coefficients determines V. They are sym- 
metric in bottom indices, hence Ty = 0. The uniqueness of V follows by 
contradiction. 

Note that (I4.10p gives a 2— homogeneous semispray, that is a spray. 
By flCTj) it follows 

Theorem 4.3. The integral curves of S are just the geodesies of the Levi- 
Civita connection V in the Lie algebroid A. 

For a different derivation of S from g we refer to [21]. 
Now we come back to the general framework and prove 

Lemma 4.4. Let be the vector bundle {F, q, M) endowed with an A— connec- 
tion D and a Riemannian metric g. Then for any A— path a : t — > «(^); 
t G [0, 1] on E with base curve ^ = qoa=poa we have 

(Dag) (ffi, (T2) = lim ^ [gy{t) ^*CT2) - ^7(0) (f^i, ^2)] , (4.11) 



where Ox^a^ G -^"7(0) ond : F^{t) — ^ -^7(0) ^he 'parallel displacement 
defined by D along a. 

Proof. Let Oi and 0^2 be the parallel a— sections in {F, q, M) such that (?i(0) = 
c^i) (72(0) = (72- Then P^O"i = and Pi<72 = o^iif)- By Taylor formula in 

the local basis {ap) we get (P>i)'' = < - r(;„(r)ai''(r)y'^(r)t for r G (0,t) 
and a similar formula for -P^cr2. Recall that Q;(t) = y°'{t)sa- Then by using 
again the Taylor formula and omitting the terms which contain and t^, we 
may write 

9Mt)) {K^iY {pi^^y - 9Aim^'i^2 = 

where the terms in the parenthesis are computed for some values r in (0,t). 
Now dividing by t, taking t — )■ and looking at (4.4), we obtain (4.10). □ 

Definition 4.5. An ^4— conection D in (F, q, M) is said to be metrizable if 
there exists a Riemannian metric in (F, g, M) such that Dgr = 0. 

Based on Lemma 14.41 we obtain: 

Theorem 4.6. Any A— conection D is metrizable with respect to g if and 
only if all its parallel displacements are isometrics with respect to g. 

In particular, the holonomy group $(x) is made up of isometries of {F^, 
g{x)). 

Using a local chart around x we may put ^{x) in an 1 : 1 correspondence 
with a subgroup $(x) of GL(fc,M), k =rankF. A change of local chart 
moves that subgroup in a conjugate of it. We identify $(x) with this class of 
conjugate subgroups in GL(/c,M). With this identification, by Theorem 4.6 
we get 

Theorem 4.7. A necessary condition for an A— connection to be metrizable 
is that the holonomy group $(x) be a subgroup of the orthogonal group 0{k) 
for every x G M. 

Indeed, if $(x) is made up of isometries of {Fx,g{x)), the elements of 
$(x) are isometries of (M^,<,>), with the inner product <,> induced by 
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